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Modelos de Formación de Redes

Modelos estáticos: Se refiere a modelos en el que todos los
enlaces se establecen al mismo tiempo de forma aleatoria.

Alternativamente, en los modelos dinámicos existe una red
incial que crece de forma aleatoria y la probabilidad de
formación de nuevos enlaces depende del estado actual de la
red.

En los modelos de formación estratégica, la red es el resultado
de interacción de agentes con intereses individuales sobre la
forma (i.e., topoloǵıa) de la red.
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Motivación

Estos modelos se utilizan principalmente para:

Identificar patrones en la formación de redes que gúıen la
construcción de modelos estructurales (e.g, modelos de
comportamiento).

Entender la forma como se difunden caracteŕısticas de los
agentes (e.g., información, enfermedades).

Sirven como benchmark (i.e., referencia).
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Predicción y Prevención de Agentes Dominates en Redes Complejas

Contenido

1 Introducción

2 Modelos Estáticos
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Modelo de Erdos - Renyi: Modelo Binomial o de Poisson

Modelo de Erdos - Renyi 1960.

Sea N = {1, ....n} un conjunto de nodos (vertices).

Suponga que la probabilidad de que se forme un enlace entre
i , j es p y que la formación de enlaces es independiente.

En la práctica para simular una red con este mecanismo
aleatorio: enumere todas las parejas posibles (sin importar el
orden) y después recorra la lista de parejas haciendo enlaces
de forma independiente con probabilidad p.
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Modelo de Erdos - Renyi

Example

Si n = 3 la probabilidad de que se forme una red completa (i.e.,
todos los nodos enlazados con todos) es p3 y hay una sola red
completa.
La probabilidad de que se forme una red espećıfica con dos enlaces
es p2(1− p) y hay tres redes de esta forma.

Example

Con n nodos la probabilidad de que se forme una red espećıfica de
m enlaces es:

pm(1− p)(
n(n−1)

2
−m) (1)

Obsérvese que estas probabilidades son de redes donde importa la
identidad de los nodos. Por ejemplo, la probabilidad de que se
forme alguna red de tres nodos con dos enlaces es: 3p2(1− p).



Modelo de Erdos - Renyi

Una forma alternativa de describir este tipo de redes es la
siguiente. Sea G (n) el conjunto de todas las redes con n
nodos y supongamos que cada red con m enlaces se selecciona
con probabilidad:

pm(1− p)(
n(n−1)

2
−m) (2)

Llamamos este modelo de formación de redes el modelo
G (n, p).



Otros modelos de generación aleatoria de redes

Sea G (n) el conjunto de todas las redes con n vertices. El

número de elementos en G (n) es 2(
n
2). Elegir de G (n) cada

red con la misma probabilidad.



Formación aleatoria de redes

Retomemos nuestro modelo de formación aleatoria de Erdos y
Reny.

Calculemos algunas estad́ısticas descriptivas. El grado de un
nodo es el número de nodos con los cuales se tiene un enlace.

La probabilidad de que un nodo i tenga exactamente d
enlaces es:

(
n − 1

d

)
pd(1− p)n−1−d (3)

Cuando n es grande y p es pequeño esta expresión se puede
aproximar por una distribución de Poisson (en ocasiones el
modelo binomial independiente lleva este nombre - modelo de
Poisson).

e(n−1)p((n − 1)p)d

d!
(4)



Formación aleatoria de redes

Para ver esto, cuando n es grande y p es pequeño, obsérvese
que:

(1− p)n−1−d ≈ (1− p)n−1 ≈ e−(n−1)p

por otro lado: (
n − 1

d

)
≈ (n − 1)d

d!
(5)



Ejemplos de Redes: Formación aleatoria de redes

Las siguientes figuras muestran una red generada usando el
modelo binomial (n = 50, p = 0,02, lo cual implica que el
valor esperado del grado de un nodo es 1).

Caracteŕısticas sobresalientes de grafos generados de esta
forma: la probabilidad de ćıclos es baja y existe una
componente conexa grande.1.2. A SET OF EXAMPLES: 27

Figure 1.4: A Randomly Generated Network with Probability .02 on each Link

Given the approximation of the degree distribution by a Poisson distribution, the

class of random graphs where each link is formed independently with an identical

probability is often referred to as the class of Poisson random networks, and I will use

this terminology in what follows.

To provide a better feeling for the structure of such networks, I generated a couple

of Poisson random networks for di¤erent p�s. I chose n = 50 nodes as this produces a

network that is easy to visualize. Let us start with an expected degree of 1 for each

node. This is equivalent to setting p at roughly :02. Figure 1.4 pictures a network

generated with these parameters.15 This network exhibits a number of features that

are common to this range of p and n. First, we should expect some isolated nodes.

Based on the approximation of a Poisson distribution (1.4) with n = 50 and p = :02, we

should expect about 37.5 percent of the nodes to be isolated (i.e., have d = 0), which

is roughly 18 or 19 nodes. There are 19 isolated nodes in the network, by chance.

Figure 1.5 compares the realized frequency distribution of degrees with the Poisson

approximation.

15The networks in Figures 1.4 and 1.6 were generated and drawn using the random network generator

in UCINET [90]. The nodes are arranged to make the links as easy as possible to distinguish.



Ejemplos de Redes: Formación aleatoria de redes
El siguiente gráfico compara la distribución muestral con la
aproximación de Poisson para la distribución binomial.

28 CHAPTER 1. INTRODUCTION

Figure 1.5: Frequency Distribution of a Randomly Generated Network and the Poisson

Approximation for a Probability of .02 on each Link



Ejemplos de Redes: Formación aleatoria de redes
Al aumentar la probabilidad de enlaces disminuyen las
componentes conexas (maximales), aumenta la componente
dominante y empeora la aproximación de Poisson al grado del
grafo.

30 CHAPTER 1. INTRODUCTION

Figure 1.6: A Randomly Generated Network with Probability .08 of each Link

4.2.2. If the average degree is substantially above log(n), then probability of having

any isolated nodes goes to 0, while if the average degree is substantially below log(n),

then the probability of having at least some isolated nodes goes to 1. In fact, as we

shall see in Theorem 4.2.1, this is the threshold such that if the average degree is

signi�cantly above this level then the network is path-connected with a probability

converging to 1 as n grows (so that any node can be reached from any other via a path

in the network), while below this level the network will consist of multiple components

with a probability going to 1.

Other properties of random networks are examined in much more detail in Chapter

4. While it is clear that completely random networks are not always a good approxi-

mation for real social and economic networks, the analysis above (and in Chapter 4)

shows us that much can be deduced in such models; and that there are some basic

patterns and structures that we will see emerging more generally. As we build more

realistic models, similar analyses can be conducted.



Ejemplos de Redes: Formación aleatoria de redes

1.2. A SET OF EXAMPLES: 31

Figure 1.7: Frequency Distribution of a Randomly Generated Network and the Poisson

Approximation for a Probability of .08 on each Link



Ejemplos de Redes: Formación aleatoria de redes

Un problema con este modelo son los bajos niveles de
aglomeración que se obtienen (i.e., ı̀ndice de clustering bajo).

En particular, si el grado promedio crece a una tasa menor
que el número de nodos, el coeficiente de aglomeración
(clustering) tiende a cero.

El modelo de Watts y Strogatz ataca este problema (pero no
el siguiente).

La distribución del grado tiende a una Poisson y no a una
power law, común en redes (el modelo de enlaces
preferenciales, prefeential attachement, si intenta capturar
esto).
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Predicción y Prevención de Agentes Dominates en Redes Complejas

Modelo de configuración

Tiene como objetivo generar redes aleatorias controlando la
distribución del grado.

Sea {d1, ..., dn} los grados de una red de n vertices. La
sucesión determina la distribución del grado
Pn(d) = num{i :di=d}

n .

Ahora, dados n nodos queremos construir una red aleatoria
con aproximadamente el grado del vector {d1, ..., dn}.
Considere el siguiente procedimiento. Construir una lista:

1, ..., 1, (d1veces), 2, ..., 2, (d2veces), ... (6)

Aleatoriamente selecione dos elementos de la sucesión, cree
un enlace entre los nodos a los que corresponde y eliminelos
de la lista.
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Modelo de configuración

Obsérvese que pueden haber loops y múltiples enlaces
(multigrafo). Además si el número de nodos no es par, al final
puede quedar un enlace sin formarse.

El modelo es diseñado para reproducir aproximadamente el
grado del vector dado. Sin embargo, nada garantiza que se
puedan reproducir otra propiedades.

Por ejemplo, usualmente no genera patrones de cohesión
como los observados en redes reales.



Aplicación: Contagio y difusión enfermedades

Variación del modelo Reed-Frost en literatura de
epidemioloǵıa.

Población inicial de n individuos.

Con probabilidad p un individuo interactua de forma
independiente con otro individuo, algunos de los cuales
pueden ser inmunes.

Con probabilidad π un individuo es inmune.

Inicialmente un individuo tiene una infección.



Aplicación: Contagio y difusión enfermedades

La difusión de la enfermedad puede modelarse aśı:

Generar una red aleatoria de n nodos con el modelo Binomial
con probabilidad p.

Elegir aleatoriamente con la misma probabilidad nπ nodos y
eliminarlos.

En la red resultante identificar la componente con la persona
inicialmente infectada.



Aplicación: Contagio y difusión enfermedades

Alternativamente:

Generar una red aleatoria de n(1− π) nodos con el modelo
Binomial con probabilidad p.

Elegir un nodo de forma aleatoria (la persona inicialmente
infectada) y estudiar la componente conexa en la que se
encuentra.

En el modelo de Poisson se sabe que el surgmiento de una
componente gigante lo determina p(1− π)n = 1 (i.e,
transición de fase). Si p(1− π)n > 1 con probabiliadad mayor
que cero se infecta un número considerable de la población.

La siguiente figura muestra la fracción esperada de la
población en la componente gigante (i.e., personas
susceptibles) como función del factor que determina la
transición de fase.



Aplicación: Contagio y difusión enfermedades
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FIGURE 4.8 Fraction of the susceptible population in the largest component of a Poisson 
random network as a function of the proportion of susceptible nodes 1 − π times the link 
probability p times the population size n. 

impact of informing a few agents in the population about the product, when they 
communicate by word of mouth with others and each individual is sure to learn 
about the product from any neighbor who buys it. 

This analysis is built on contagion taking place with certainty between any 
infected and susceptible neighbors. When the transmission is probabilistic, which 
is the case in some applications, then the analysis needs to account for that. Such 
diffusion is discussed in greater detail in Chapter 7. 

Distribution of Component Sizes* 

The derivations in Section 4.2.6 provide an idea of when a giant component will 
emerge, and its size, but we might be interested in more information about the 
distribution of component sizes that emerge in a network. Again, we will see 
how important this is when we examine network-based diffusion in more detail in 
Chapter 7. Following Newman, Strogatz, and Watts [510], we can use probability 
generating functions to examine the component structure in more detail. (For 
readers not familiar with generating functions, it will be useful to read Section 
4.5.9 before preceding with this section.) 

This analysis presumes that adjacent nodes have independent degrees, and so it 
is best to fix ideas by referring to the configuration model, in which approximate 
independence holds for large n. Let the degree distribution be described by P . 

Consider the following question. What is the size of the component of a node 
picked uniformly at random from the network? We answer this by starting at a 
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Modelos Dinámicos
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Poisson Dinámico: Grado Esperado Exponencial

Supongamos que cada cierto tiempo se crea un nodo y este
forma enlaces con los anteriores de la siguiente forma.

Sea i ∈ {0, 1, 2, 3, ...} un nodo que nace en el momento i .

Supongamos que comenzamos con una red completa de m
nodos: {0, 1, 2, 3, ...,m − 1} y el primer nodos que nace es
m + 1.

Cada que nace un nodo, se eligen aleatoriamente m de los
nodos existentes para formar enlaces con ellos.

El valor esperado del grado de un nodo que nacio en i ≥ m en
un periodo t > i es:

E [di (t)] = m +
m

i + 1
+

m

i + 2
+ ...+

m

t

para t grande E [di (t)] ≈ m(1 + log( ti ))
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Poisson Dinámico: Grado Esperado Exponencial

Luego, la proporción de nodos con valor esperado del grado
menor de d hasta el momento t es: Ft(d) = 1− exp(−d−m

m ).

En lo que sigue abusando de la notación denotamos E [di (t)]
por di (t).



Preferential Attachement
Cada nuevo nodo, en vez de seleccionar de forma uniforme
con cuales de m nodos hacer un enlace, es mas probable
hacerlo con aquellos que ya tiene bastantes enlaces (i.e.,
pensar en como crece una red de citaciones).

La probabilidad de que un nodo existente i establezca un
enlace con un recien nacido en t se postula como:

m
di (t)∑t
j=1 dj(t)

(7)

pero el número total de enlaces en la red en t es 2m, luego el
denominador es 2tm.

Se sigue que la probabilidad de que un nodo existente i
establezca un enlace con un recien nacido en t es:

di (t)

2t
(8)

Luego la aproximación de campo medio es:

ddi (t)

dt
=

di (t)

2t
(9)



Preferential Attachement

Luego la fracción de nodos que tienen un grado (esperado)
menor que d es:

Ft(d) = 1−m2d−2 (10)
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Preferential Attachment y Fitness

La aproximación de campo medio es:

ddi (t)

dt
= m

ηidi (t)

S(t)
− c

(1− c)

η̄w

η̄w
di
t

donde ηi ∈ (0, 1) es el fitness (aptitud) de i , ρ es una
distribución del fitness con la que se calculan los promedio
arriba, S(t) es un factor de normalización y las demás son
constantes.

Aqui η̄w

η̄w
captura la posibilidad de ser eliminado de la red

(muerte, bancarrota, etc) y di
t la probabiliad de que i tenga

un enlace con el nodo eliminado.

El diagrama de fase de la siguiente figura depende de
I (ρ,w , c). Es decir de la distribución completa del fitness.
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Preferential Attachment y Fitness

A CB

D E

Fig. 1. (A) Fraction of links connected to the most dominant agent nDK in the system, as a function of the total number of agents. The mean values
and ± one SD bands are obtained over a sample of 100 realizations. We have fixed c = 1% and ω= 0. Two different fitness distributions are used, one in
the WTA and one in the FGR regime (red and blue crosses in C). (B) Beta distribution density for different parameters α and β used to parametrize the class
of fitness distributions on [0, 1]. As α and β vary, all typically relevant shapes of the fitness distribution are sampled. The WTA regime is characterized by
the bulk of the probability mass being concentrated on agents of relatively low fitness, with only few fit agents that end up dominating the system (e.g.,
α= 2, β= 5). (C) Phase diagram showing the domains of existence for the FGR and the WTA regimes, for different preferential deletion parameters c and
ω in the space of the parameters (α, β) of the beta-fitness distribution. The WTA regime corresponds to values where I*< 1 (Eq. 2). This WTA regimes lies
above a line parameterized by (c,ω). (D) Geodesic with respect to Wasserstein-2 metric, that is, cost minimizing interpolation from a beta distribution in the
WTA regime to a beta distribution in the FGR regime. The (approximate) path in the space of beta distributions is shown in C. (E) Distributions along the
shortest path with respect to the Euclidean distance in the (α, β) plane (cf. dashed line in panel C). This intervention policy is more expensive than the one
along the Wasserstein geodesic.

adding a fitness component seems appropriate. To confirm the
applicability of fitness-adjusted preferential attachment, we have
applied a Bayesian statistical method for the joint estimation of
preferential attachment and node fitness without imposing
functional constraints (6). See SI Appendix for details.

Translating to our model, each trader is an agent, and the num-
ber of traders followings a given trader ai defines its number of
connections (degree) ki . The rate at which a trader attracts new
connections is a measure of the attachment probability pi . In this
way, by measuring agent ai ’s popularity ki as well as its current
rate of attraction pi , one can infer an effective fitness ηi ∝ pi/ki
without detailed knowledge of the underlying system dynamics.
The access to all of the active accounts and traders allows us a
faithful reconstruction of the underlying network. We measure
pi and ki over rolling windows at different times t from July
2012 to November 2013, such that the evolution of the fitness can
be tracked: t 7→ ηi(t). After having inferred the fitness of every
agent at time t , we construct an empirical fitness distribution
ρ̂(t) as a histogram over all fitnesses. The distribution of fitnesses
turns out to be fairly stationary and unimodal, with most traders
having a fitness around ηi ≈ 0.4 (Fig. 2A). The histogram ρ̂(t) is
fitted fitted by the beta distribution via maximum likelihood to
obtain the parameters α̂(t) and β̂(t). In accordance with the sta-
tionarity of ρ̂, the evolution of t 7→

(
α̂(t), β̂(t)

)
is confined to a

small radius around α̂≈ 1.25 and β̂≈ 1.25 (Fig. 2B). Similarly,
the deletion parameters ĉ(t) and ω̂(t) are inferred from direct
observation at different times t and are found to be stationary
and fluctuating within limiting bounds (Fig. 2C). See SI Appendix
for details on methods. Here, we have defined node removal
as the process whereby a trader is no more being mimicked by
anyone after having been mimicked previously. Interestingly, ω̂
is consistently positive, suggesting that particularly fit traders
are more likely to disappear. Our method is phenomenologi-
cal in that it captures idiosyncratic, system-specific details into

the fitness term. To interpret this result, one must thus apply
domain-specific knowledge. On eToro, a trader’s recent per-
formance is displayed to others by means of several metrics
(percentage gain, portfolio volatility, etc.) We can then expect
η to be a (generally complex) function of these variables. Perfor-
mance on financial markets is known to have a large contribution
of luck (24) and presumably even more so for the primarily retail
traders that are active on eToro. In SI Appendix, we show that the
most mimicked (i.e., high η) traders indeed correspond to the
ones who seem to outperform the market on short time scales,
but that this performance is not sustained over longer times.
Since, on short time-scales, luck is easily mistaken as skill (25),
the mimicking functionality of eToro gives rise to imitation of
noise traders. Implied overconfidence may then be the reason
that more risk is being taken, resulting in large losses and explain-
ing why particularly fit traders are more likely to vanish from the
platform.

These insights highlight a secondary benefit of our approach:
It complements and guides a more system specific understanding
of the problem at hand. As long as the system allows for a repre-
sentation of the form Eq. 1 (or a related variant thereof), one can
absorb the intrinsic system dynamics into η. The phenomenolog-
ical model then allows one to determine the state of the system.
System-specific knowledge is again required to understand how
the fitness distribution is to be modified in practice.

We now continue with the main purpose of the method: assess-
ing the state of disproportional dominance. Given the estimates
of α,β, c and ω, we can now calculate t 7→ I ∗

(
α̂, β̂, ω̂, ĉ

)
from

Eq. 2 and track its distance from the transition threshold I ∗=1.
For the case of eToro, we find that the system dynamics is con-
fined in the stable FGR regime I ∗> 1 (Fig. 2d), suggesting that
the competitive environment is enough to avoid the emergence
of disproportionally dominant traders. This is alternatively visu-
alized in the

(
α̂, β̂

)
plane (Fig. 2B), where we can see that the

27092 | www.pnas.org/cgi/doi/10.1073/pnas.2003632117 Lera et al.
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